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Abstract
We propose a procedure for defining all single-photon observables in terms of Positive-
Operator Valued Measures (POVMs), in particular spin and position. We identify the
suppression of 0-helicity photon states as a projection from an extended Hilbert space onto
the physical single-photon Hilbert space. We show that all single-photon observables are in
general described by POVMs, obtained by applying this projection to opportune Projection-
Valued Measures (PVMs), defined on the extended Hilbert space. The POVMs associated
to momentum and helicity reduce to PVMs, unlike those associated to position and spin,
this fact reflecting the intrinsic unsharpness of these observables. We finally extensively
study the preparation uncertainty relations for position and momentum and the probability
distribution of spin, exploring single photon Gaussian states for several choices of spin and
polarization.
1 Introduction
The investigation of single-photon properties has experienced an increasing interest over the last
years [1, 2, 3, 4, 5, 6]. One of the reasons has to be sought in the escalating request, in many
quantum information and cryptography protocols [7, 8], for highly accurate manipulations of
spatial and polarization single-photon properties.
The most appropriate description of single-photon observables is the subject of an ongoing
debate. Photon position, in particular, has been considered a controversial concept since T.D.
Newton and E.P. Wigner first stated [9] that no position operator can be defined in the usual
sense for particles with mass m = 0. Later, A.S. Wightman [10] extended the search for a notion
of photon localization based on a Projection-Valued Measure (PVM), again obtaining a negative
result. This evidence suggested K. Kraus to define the single-photon position observable as a
Positive- Operator Valued Measure (POVM) [11]. After the appearance of K. Kraus’ seminal
work, several authors proposed alternative definitions of the photon position POVM relying on
the theory of quantum estimate [14, 15] or on explicit models describing actual measurements
performed in photocounting experiments [16, 1, 17].
Despite such remarkable achievements, the most appropriate single-photon description re-
mains controversial, since the above approaches were conceived to solve the specific problem
of photon localization, and do not appear amenable of an immediate generalization to all
other single-photon observables. In particular, the photon spin is another notoriously delicate
topic[18, 19, 20], often ignored in favor of the more familiar notions of helicity and polarization.
A renewed interest, due to recent experimental developments especially concerning quantum
cryptography protocols [2], for the spin of single photons nevertheless calls for an appropriate
and manageable description of such observable, in a common picture with that of position.
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In the present work, we generalize K. Kraus’ construction of the single-photon position observ-
able, given within G. Ludwig’s axiomatic formulation of quantum mechanics [21], to a formalism
in which all the fundamental single-photon observables are given in a unified way in terms of
POVMs [21, 13]. Following the construction of the single-photon Hilbert space given by K. Kraus
and H. Moses [11, 22], based on the representation theory of the Poincare´ group for mass m = 0
and spin s = 1 particles, given by E. P. Wigner [23], we interpret the notorious suppression of
0-helicity photon states as a projection from an extended Hilbert space onto the single-photon
Hilbert space.
Extending K. Kraus’ construction of the single-photon position observable, we show that
all single-photon observables are described by POVMs obtained by applying this projection to
PVMs defined on the extended Hilbert space and mutuated from the well-established quantum
description of relativistic massive particles.
We provide explicit expressions for the POVMs describing the joint measurement of spin
and momentum, and of spin and position. The results show that momentum and helicity are
described by PVMs, while spin and position by POVMs. Such difference naturally reflects the
well-known[13, 24, 25, 26] circumstance that POVMs describe unsharp observables reflecting ei-
ther practical limits in the precision of measurements (in which case POVMs typically correspond
to coarse-grained version of PVMs) or inherent difficulties in realizing a preparation in which the
value of an observable is perfectly defined [28, 27, 26]. In particular, the intrinsic unsharpness
of position and spin results from the coupling between momentum and spin introduced by the
suppression of 0-helicity states, a specific consequence of the mass m = 0 and spin s = 1 of the
photon.
We finally apply this formalism to assess the increase of the statistical character of single-
photon observables naturally brought along by the intrinsic unsharpness of POVMs [21, 25].
For this purpose we investigate preparation uncertainty relations for position and momentum,
as well as the spin probability distribution. These quantities are analytically calculated for a
broad class of physically meaningful single-photon states, namely Gaussian states with definite
polarization and projections of Gaussian states with definite spin. The reasons behind the choice
of Gaussian states range from their great theoretical and experimental relevance to the fact that,
in the non-relativistic context, they saturate the notorious inequality ∆Xj∆Pj ≥ ~2 , identifying
themselves as the most suitable candidate to investigate the increment of the statistical character
of quantum theory brought into stage by the POVMs.
Our results show that the emergence of POVMs systematically increases the randomness of
the outcomes[29]. In particular, the inequality ∆Xj∆Pj ≥ ~2 is saturated only in the limiting
case of infinitely sharp states in the momentum space; for any finite Gaussian width, we observe
instead an increase in the product ∆Xj∆Pj , of which we give a fully analytic estimate. We
observe a similar increase of randomness in the spin probability distribution.
Such increment appears to be a manifestation of the unsharpness of position and spin, and of
the inherent impossibility of sharply localizing a single photon in a bounded space region [31, 3],
and of preparing it with definite spin along a spatial direction independent on its momentum
[28].
The paper is organized as follows: in Section 2 the quantum mechanical description of a
single free photon is reviewed; in Section 3 the procedure for constructing single-photon observ-
ables is delineated and the POVMs and probability densities of such observables are explicitly
given. Finally, in Section 4, a detailed study of the preparation uncertainty relations for position
and momentum and of the spin probability distributions of Gaussian states is presented, and
conclusions are drawn in Section 5.
2 Single-Photon States
In the present Section, a detailed review of the single-photon formalism given by K. Kraus in [11]
will be given. Particular attention will be devoted to the representation theory of the Poincare´
group [22, 23] and on the introduction of an isomorphism based on the representation of the
SU(2) group for spin s = 1 particles [22, 32]. All these elements will provide a framework for
the discussion in Section 3, where all the single-photon observables observables, including spin,
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will be defined as POVMs through a unified picture generalizing K. Kraus’ treatment of the
position observable [11]. It is worth reminding that the term photon does not correspond to
a unique notion in literature [24]: photons are either treated as spin s = 1 and mass m = 0
irreducible representations of the Poincare´ group [23, 33], or as occupations of electromagnetic
field modes. In the present work we will rely on the first approach, which naturally brings
to the introduction of POVMs. Wigner’s seminal work [23] on the representation of theory
of the Poincare´ group, revealed the existence of a deep connection between the symmetries
underlying Galilean or special relativity and the measurable quantities of an elementary particle.
Concretely, the mathematical description of a quantum particle existing in space-time should
reflect its Galilei or Poincare´ invariance, and consequently the state space of such particle should
carry an irreducible representation, characterized by its spin and mass, of either the Galilei or
the Poincare´ group [23, 34, 22, 24]. With the purpose of introducing the single-photon formalism,
let us start by considering the quantum mechanical description of a non-relativistic particle with
spin s = 1, which takes place in the Hilbert space:
HNR = L2(R3)⊗ C3 (1)
Here R3 is meant to be the momentum space, elements ofHNR are square-integrable 3-component
functions:
p 7→ ψ(p) =
ψ1(p)ψ2(p)
ψ3(p)
 (2)
and HNR is equipped with the inner product:
〈φ|ψ〉 =
3∑
j=1
∫
d3p φ∗j (p)ψj(p) (3)
The roto-translation group admits the familiar [34] unitary representation (a, R) 7→ U(a, R) on
HNR: (
U(a, R)ψ
)j
(p) = e−
i
~ p·a
3∑
k=1
(
e−
i
~φn·S
)j
k
(ψ)k(R−1p) (4)
where R is the matrix associated to the rotation of an angle ϕ around the axis n, a is the vector
associated to a spatial translation, and S denotes the vector of 3× 3 Pauli matrices:
Sx =
~√
2
0 1 01 0 1
0 1 0
 Sy = ~√
2
0 −i 0i 0 −i
0 i 0
 Sz = ~
1 0 00 0 0
0 0 −1
 (5)
It is a well-known fact that a projective irreducible representation of the Galilei group can be
obtained by introducing the non-relativistic position operator X = i~∂p [34, 35].
The photon anyway is a purely relativistic particle and thus the formalism given above cannot
suit the purpose of describing it. In order to accomplish such task, let us observe that the matrices
R and S are related to each other by [36]
R = V † e−
i
~ ϕn·S V (6)
where the unitary matrix V reads [32]
V =

1√
2
− i√
2
0
0 0 −1
− 1√
2
− i√
2
0
 (7)
The key relation (6) is a peculiar prerogative of the spin s = 1 case and suggests to introduce
the following unitary transformation:
ψ(p) 7→ ψV (p) ≡ V †ψ(p) (8)
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on HNR. It is immediately noticed that wavefunctions ψV (p) in VHNR transform as a vector
field under roto-translations UV (a, R) = V
†U(a, R)V
(
UV (a, R)ψV
)j
(p) = e−
i
~ p·a
3∑
k=1
Rjk (ψ)
k
V (R
−1p
)
(9)
It is worth of notice that the difference between (9) and (4) consists in the replacements ψ 7→ ψV ,
U 7→ UV and correspondingly e− i~φn·S 7→ R. The simple change of basis operated by the matrix
V indicates to generalize the formalism outlined above by means of the following procedure:
• endowing wavefunctions in VHNR with a fourth component, ψ0V (p), this way promoting
them to four-component functions:
p 7→ ψV (p) =

ψ0V (p)
ψ1V (p)
ψ2V (p)
ψ3V (p)
 (10)
of the four-momentum p = (p0,p) satisfying the mass-shell condition pµgµνp
ν = 0 where
gµν = diag(1,−1,−1,−1) and Einstein’s convention is assumed. The functions (10) lie in
the vector space:
H = L2
(
R3,
d3p
p0
)
⊗ C4 (11)
• equipping H with the following sesquilinear form:
〈φV |ψV 〉 = −
∫
d3p
p0
(φµV )
∗(p) gµν ψνV (p) (12)
in which the Poincare´ invariant measure d
3p
p0 replaces the non-relativistic roto-translationally
invariant Lebesgue measure d3p.
• introducing the following linear representation of the Poincare´ group [23] by isomorphisms
on H: (
UV (a,Λ)ψV
)µ
(p) = e
i
~aτp
τ
Λµν ψ
ν
V (Λ
−1p) (13)
which is a direct generalization of (9) with a is a four-vector and Λ is a Lorentz matrix; in
particular, wavefunctions ψV (p) transform as a four-vector under Poincare´ transformations.
The non-positivity of the scalar product (12) in the pseudo-Hilbert space H, [37] which is
a direct consequence of the non-positivity of the Minkowski inner product gµν , prevents the
possibility of giving a probabilistic interpretation to this formalism. Nevertheless, such obstacle
can be overcome in the special case of massless particles such as photons.
In fact, the massless condition naturally identifies a subspace S ⊂ H
S = {ψV (p) : pµgµνψνV (p) = 0 for almost all p} (14)
which is invariant under Poincare´ transformations, since:
pµgµν (UV (a,Λ)ψV )
ν
(p) = pµgµνΛ
ν
σψ
ν
V (Λ
−1p) = (Λ−1p)µgµνψνV (Λ
−1p) = 0 (15)
whence ψV (p) ∈ S ⇐⇒ UV (a,Λ)ψV (p) ∈ S for all Poincare´ transformations. Moreover, the
restriction of (12) results to be non-negative. To prove this result, it is convenient to expand the
spatial part of a function ψV (p) ∈ S on the intrinsic frame {e˜i(p)}3i=1 given by:
e˜1(p) =
p× (m× p)
|p||m× p| e˜2(p) =
m× p
|m× p| e˜3(p) =
p
|p| (16)
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where m is an arbitrary unit vector [16, 38] independent on p. It is worth of notice that the
first elements of the intrinsic frame (16) are related to the circular polarization vectors e˜±(p),
solution of the eigenvalue equation p× e˜±(p) = ∓i|p|e˜±(p), by the following relation:
e˜±(p) =
e˜1(p)∓ ie˜2(p)√
2
(17)
On this basis, functions in S are expressed as:
ψµV (p) =
(
ψ˜0V (p)
ψ˜V (p)
)
(18)
where:
ψ˜V (p) =
3∑
i=1
ψ˜iV (p)e˜i(p) (19)
The condition ψV (p) ∈ S translates into ψ˜0V (p) = ψ˜3V (p), and the restriction of the sesquilinear
form (12) onto S reads:
〈φV |ψV 〉 =
∫
d3p
p0
[
(φ˜1V )
∗(p) ψ˜1V (p) + (φ˜
2
V )
∗(p) ψ˜2V (p)
]
(20)
Equation (20) is manifestly non-negative, and does not involve the components ψ˜0V (p), ψ˜
3
V (p).
Following [22, 11] we interpret these components as irrelevant degrees of freedom, this fact being
precursive of the gauge symmetry of the electromagnetic theory[39, 40]. This interpretation is
confirmed if the action of Poincare´ transformations on functions in S is taken in consideration. In
fact, it is immediate to show that that (UV (a,Λ)ψV )
µ
(p) has components
(
UV (a,Λ)ψ˜V
)1,2
(p)
which depend only on ψ˜1,2V (p) through the relation:(
UV (a,Λ)ψ˜V
)i
(p) =
2∑
j=1
e˜i(p) ·Λe˜j(Λ−1p) (ψ˜V )j(Λ−1p) (21)
where Λ indicates the spatial part of Λµν . These arguments lead immediately to the construction
of the single-photon Hilbert space: equation (20) defines a seminorm on S, and we can construct
a normed space out of S taking the quotient S/ ∼ of S by the equivalence relation:
φV ∼ ψV ⇔ ‖φV − ψV ‖ = 0 (22)
where ‖ · ‖ denotes the seminorm induced by (12) on S [11]. S/ ∼ is equipped with the scalar
product (12), which is now manifestly positive-definite, and carries an irreducible representation
of the Poincare´ group defined by (21). Each wavefunction in HS is an equivalence class of
functions ins S, parametrized by a pair: (
ψ˜1V (p)
ψ˜2V (p)
)
(23)
of complex-valued square-integrable functions, thus making S/ ∼ isomorphic to L2
(
R3, d
3p
|p|
)
⊗C2
[41, 11]. Each and every equivalence class in S/ ∼ has a representative with the following
transversal form:
ψV (p) =
(
0
ψ˜V (p)
)
p · ψ˜V (p) = 0→ ψ˜V (p) =
2∑
i=1
ψ˜iV (p)e˜i(p) (24)
All other elements of the equivalence class are related to the transversal representative by the
addition of an unphysical component ψ˜3V (p)(1, 0, 0, 1)
T . This fact shows that the single-photon
Hlbert space is also isomorphic to the space of square-integrable transverse wavefunctions:
HS =
{
ψ˜V (p) : ψ˜V (p) =
2∑
i=1
ψ˜iV (p)e˜i(p), ψ˜
i
V (p) ∈ L2
(
R3,
d3p
|p|
)}
(25)
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retrieving the result given by K. Kraus in equations (2),(3) of [11].
The construction outlined above has lead in a very natural way to the introduction of the
single-photon state space HS by just considering the conditions of mass m = 0 and spin s = 1,
and requiring that HS carries an irreducible representation of the Poincare´ group. The concrete
realization of the single-photon Hilbert space HS has the advantage of providing a one-to-one
correspondence between states and transverse vector functions.
The physically relevant photon states with linear and circular polarization are elements of
HS of the form: (
ψ˜1V (p)
ψ˜2V (p)
)
=
(
α
β
)
ψ˜V (p) α, β ∈ R (26)
and: (
ψ˜1V (p)
ψ˜2V (p)
)
=
(
1√
2
± i√
2
)
ψ˜V (p) (27)
Finally, one might wish to relate such construction of the single-photon state space to the familiar
one based on the requirement of helicity ±1 [42]. The equivalence of the two approaches is readily
proved by recalling the isomorphism V , introduced to identify the spin as generator of rotations
in (6). In fact, it can be explicitly shown that the images of the intrisic frame vectors (16) under
the action of the matrix V are closely related to the eigenstates of the helicity operator:
 =
1
~
(
S · p|p|
)
=
1
|p|
 pz
px−ipy√
2
0
px+ipy√
2
0
px−ipy√
2
0
px+ipy√
2
−pz
 (28)
In particular V e˜3(p) is the eigenstate relative to the eigenvalue 0, while V e˜±(p) are the eigen-
states relative to eigenvalues ±1 respectively.
3 Single-Photon Observables
3.1 The Extended Hilbert Space
In the present section single-photon observables will be introduced as POVMs, generalizing the
treatment of position given by K. Kraus in [11]. With such purpose, the single-photon Hilbert
space HS introduced in the previous section (2) has to be regarded as a subspace of the extended
Hilbert space HA = L2(R3, d
3p
|p| )⊗ C3 whose elements have the form:
fV (p) =
3∑
i=1
ψ˜iV (p)e˜i(p) (29)
and thus differ from elements (25) ofHS by the addition of a longitudinal component ψ˜3V (p) e˜3(p).
In equation (29), and in the remainder of the present work, we express states as functions of p
rather than p with harmless abuse of notation.
HS is obtained from HA by means of the projection operator:
pi : HA → HS , (pifV )j(p) =
∑
k
pijk(p)f
k
V (p) ∀p ∈ R3 (30)
with
pijk(p) = δ
j
k −
pjpk
|p|2 ∀p ∈ R
3 (31)
The projector (31) eliminates the longitudinal component of the triple {ψ˜iV (p)}3i=1 and can thus
be interpreted as an analogue of the Helmholtz projection used for decomposing the electric
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and magnetic field of classical electrodynamics into a longitudinal and a transverse component.
Under roto-translations, states in HA must transform as vector fields:
UV (a, R)fV (p) = e
− i~a·pR fV (R−1p) (32)
in order to retrieve (21). The introduction of the spin and helicity observables, nevertheless,
requires a transformation law under roto-translations involving the vector of Pauli matrices, as
in (4), instead of the rotation matrix, as in (9). The comparison between equations (4) and
(9) suggests that, to respond to this need, the isomorphism V must be used. Throughout the
remainder of the present work, we will denote using the symbol HA = VHA the isomorphic
image of HA through the isomorphism V and make use of the fact that HS corresponds to the
image of HA through the action of the operator piV †, see Figure 3.1.
The change of basis operated by the matrix V not only elucidates the equivalence between the
conditions of transversality and non-zero helicity but, as in the case of non-relativistic particles,
leads to an irreducible representation of the roto-translation group that involves the vector S of
spin matrices. In fact, for a state f(p) in HA, equations (13) and (6) imply:
U(a, R)f(p) = e−
i
~a·pe−iϕn·S f(R−1p) (33)
Elements of HA therefore transform under roto-translations according to a formula that closely
resembles (4), holding in non-relativistic context.
Figure 1: Diagram illustrating the action of the isomorphism V and projection pi. Wavefunctions
in HS are represented by couples of complex-valued functions. States fV in HA transform
according to (9) under roto-translations, while states f in HA according to (33).
3.2 Observables as POVMs on HS
Having constructed the single-photon state space, and embedded it into a suitable extended
Hilbert space, we will now define single-photon observables. To begin, let us consider the case
of massive relativistic particles with spin s, where each physical observable O taking values in
a sample space Ω ⊆ R equipped with a suitable sigma-algebra G is described in terms of a self-
adjoint operator Oˆ on L
(
R3; d
3p
p0
)
⊗C2s+1. By making use of the spectral theorem [43, 44], the
probability that O takes values in a measurable set M ∈ G is given by the expectation value of
a projector EˆO(M). The function M 7→ EˆO(M) is notoriously a PVM [43, 44].
This construction can be generalized to a set O1 . . .On of n compatible observables, each
taking values in the sample space Ωi ⊆ R equipped with a suitable sigma-algebra Gi. The
compatible observables O1 . . .On, in fact, take value in the sample space Ω1 × · · · × Ωn ⊆ Rn,
equipped with the product sigma-algebra G1 × · · · × Gn. They are described by a set Oˆ1 . . . Oˆn
of n self-adjoint commuting operators on L
(
R3; d
3p
p0
)
⊗ C2s+1, and also in such situation, the
spectral theorem allows to express the probability that O1 . . .On take values in a measurable
set M ∈ G1 × · · · × Gn as the expectation value of a projector EˆO1...On(M). The map M 7→
EˆO1...On(M) is referred to as the joint PVM of the compatible observables O1 . . .On, and the
individual PVMs associated to the various observables Oi are readily obtained as marginals of
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the joint PVM through the operation:
EˆOi(Mi) = EˆO1...Oi...On(Ω1 × · · · ×Mi × · · · × Ωn) (34)
For massive particles, the fundamental observables of spin, momentum and position are de-
scribed by the self-adjoint operators:(
Pˆf
)
j
(p) = p fj(p)(
Sˆf
)
j
(p) =
∑
k
Sjkfk(p) (35)
(
Xˆf
)
j
(p) = i~
∂fj(p)
∂p
− i~
2
p
(p0)
2 fj(p)
where Xˆ is the well-known Newton-Wigner position operator [9]. These observables are notori-
ously covariant under roto-translations.
Motivated by the seminal work by K. Kraus [45, 11], we observe that the theory outlined in
section 2 enables to define, for each single-photon observable O, a self-adjoint operator Oˆ on the
Hilbert space HA with the same structure as in the case of massive particles, e.g.(
Pˆf
)
j
(p) = p fj(p)(
Sˆf
)
j
(p) =
∑
k
Sjkfk(p) (36)
(
Xˆf
)
j
(p) = i~
∂fj(p)
∂p
− i~
2
p
|p|2 fj(p)
the only difference with (35) being that the massless condition implies p0 = |p|. In the light of
equation (33) it is evident that the observables (36) share the roto-translational covariance of
(35).
Nevertheless, since the physical space of a single photon is HS , the image of HA through the
operator piV †, the probability that O takes values in a Borel setM∈ G is the expectation value
of the positive operator :
FˆO(M) =
(
piV †
)
EˆO(M) (V pi) = Ωˆ†O(M)ΩˆO(M) (37)
where ΩˆO(M) = EˆO(M)V pi and the equality holds by virtue of the idempotence of the PVM
EˆO(M). The PVM M 7→ EˆO(M) is turned into the POVM M 7→ FˆO(M) (37) on HS . In fact,
the operators FˆO(M), referred to as effect operators in published literature, are still positive and
bounded by the identity operator, but in general are not projectors. The idempotence property
characterizing PVMs is recovered if only if the single-photon Hilbert space HS is invariant under
the action of the projectors EˆO(M). In the remainder of the present section, we will show that
relevant examples of such projective or sharp observables observables are momentum, polarization
and helicity. On the other hand, we will show that the relevant position and spin observables
are described by POVMs.
In published literature [24, 27, 50, 26], observables described by POVMs are referred to
as unsharp, since the emergence of POVMs reflects either practical limits in the precision of
measurements performed on the system (in which case POVMs appear as coarse-grained versions
of PVMs) [17, 16] or the inherent impossibility of realizing a preparation in which the value of
an observable can be perfectly defined [13, 24, 27].
In the case of photons, after explicitly constructing the PVMs and POVMs associated to the
fundamental single-photon observables, we will interpret the need of describing position and spin
as POVMs rather than PVMs as a consequence of the elimination of 0-helicity states.
In the context of open quantum systems’ theory, POVMs are obtained as projections of
opportune PVMs defined on larger Hilbert spaces; from a mathematical point of view, this
situation is described by the so-called Naimark’s dilation theorem[21, 12, 45, 25]. Within the
formalism presented in the present work, all this construction emerges in a very natural way by
the treatment of the single-photon Hilbert space exposed in Section 2.
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3.3 Fundamental POVMs and Probability Distributions
In the remainder of the present section, we apply the general procedure (37) to explicitly show
fundamental examples of POVMs.
3.3.1 Joint probability distribution of Sz and P
As first application, we consider the momentum and spin-z observables, which admit the repre-
sentation (36) on HA, giving rise to the familiar joint PVM:
(M, ~ms) 7→
(
EˆP,Sz (M, ~ms)ψ
)
s′
(p) = 1M(p) δs,s′ ψs(p) (38)
where 1M(p) is the indicator function of the Borel set M and ms = 2− s with s = 1, 2, 3. The
corresponding POVM on HS , obtained by applying (37) to such PVM, reads:
(M, ~ms) 7→
(
FˆP,Sz (M, ~ms)ψ
)
s′
(p) = 1M(p) δs,s′
2∑
i=1
ψ˜iV (p) [V e˜i(p)]s (39)
and gives rise to the following joint probability distribution:
p(p ∈M, Sz = ~ms) = 〈ψ|FˆP,Sz (M, ~ms)|ψ〉
= ‖ΩˆP,Sz (M, ~ms)ψ‖2 =
∫
M
d3p
|p|
∣∣∣ 2∑
i=1
ψ˜iV (p) [V e˜i(p)]s
∣∣∣2 (40)
3.3.2 Joint probability distribution of Sz and X
Since the joint eigenfunctions of the Newton-Wigner position and spin-z operators (36) are the
following elements of HA:
ux,s(p) =
√
|p| e
− i~x·p
(2pi~) 32
es (41)
and the associated PVM is:
(M, ~ms) 7→
(
EˆX,Sz (M, ~ms)ψ
)
s′
(p′) =
∫
M
d3x
[∫
d3p
|p| u
∗
x,s(p) ·ψ(p)
]
[ux,s(p
′)]s′ (42)
The corresponding POVM onHS is obtained applying (37) to such PVM, and yields the following
joint probability distribution:
p(X ∈M, Sz = ~ms) = 〈ψ|hatFX,Sz (M, ~ms)|ψ〉
= ‖ΩˆX,Sz (M, ~ms)ψ‖2 =
∫
M
d3x
∣∣∣∣ [ψ˜V (x)]
s
∣∣∣∣2 (43)
where the probability amplitude
[
ψ˜V (x)
]
s
reads:
[
ψ˜V (x)
]
s
=
∫
d3p
|p|
√
|p| e
i
~x·p
(2pi~) 32
2∑
i=1
ψ˜iV (p) [V e˜i(p)]s (44)
and can be therefore regarded to as the wave-function for the photon in the configuration space
[46, 47, 48, 49]. It can be noticed that, by virtue of (9), this amplitude is covariant under
roto-translations:
ψ˜V (x)
U(a,R)−→ ψ˜′V (x) = e−
i
~ϕn·S ψ˜V ((R
−1(x− a)) (45)
reproducing the expected transformation laws for the probability density of spin and position and,
consequently, for the momenta of such probability distributions. The position POVM obtained
as marginal of (42) coincides with the photon position observable constructed by K. Kraus’ in
[11].
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3.3.3 Probability distribution of Helicity
On the single-photon Hilbert space HS , states with definite circular polarization take the form
(27). It is easy to verify that such states are eigenstates of the helicity operator  with eigenvalues
±1. Consequently, the joint POVM for momentum and helicity on HS takes the form:
(M,±1) 7→
(
EˆP,(M,±1)ψ
)
(p) = 1M(p)
(
ψ˜1V (p)± iψ˜2V (p)√
2
)
e˜±(p) (46)
it is easy to verify that HS is invariant under the action of the operators (46), which makes it a
PVM. Clearly, the marginals of (46) describing the momentum and helicity observables are also
PVMs. In the light of (46), the joint probability distribution of momentum and helicity reads:
p (p ∈M,  = ±1) =
∫
M
d3p
|p|
∣∣∣∣∣ ψ˜1V (p)± iψ˜2V (p)√2
∣∣∣∣∣
2
(47)
from which the probability distribution of helicity is obtained choosing M = R3.
3.3.4 Probability distribution of Sn
The probability distribution of the spin projection Sn = S ·n along an arbitrary spatial direction
n is readily found recalling that the matrix S ·n admits in C3 the spectral decomposition S ·n =∑
ms
~ms |φn,ms〉 〈φn,ms |. The joint PVM of Sn and momentum on HA reads:
(M, ~ms) 7→
(
EˆP,Sn(M, ~ms)ψ
)
s′
(p) = 1M(p)
[
φn,ms
]
s′ φ
∗
n,ms ·ψ(p) (48)
The corresponding POVM on HS , obtained by applying (37) to such PVM, leads to the joint
probability distribution:
p(p ∈M, Sn = ~ms) =
∫
M
d3p
|p|
∣∣∣ 2∑
i=1
ψ˜iV (p) φ
∗
n,ms · V e˜i(p)
∣∣∣2 (49)
from which p(Sn = ~ms) is readily obtained choosing M = R3.
3.3.5 Uncertainty Relations for Position and Momentum
In the light of (43) and (40), it becomes interesting to investigate the preparation uncertainty
relations for position and momentum observables of a single photon. On HA, where both these
observables are defined in terms of self-adjoint operators with usual commutator [XNW i, Pj ] =
i~ δij , the familiar inequality:
∆Xk∆Pk ≥ ~
2
(50)
holds, and is saturated by Gaussian states with definite spin along an arbitrary spatial direction.
Equation (50) retains its validity on the physical space HS , but, due to the projection pi, it is no
longer saturated by the minimum uncertainty states on HA.
Mean values and variances will be computed taking the marginals of the joint probability
distributions (43) and (40) over the spin degrees of freedom. In the case of position, we are left
with the following expression:
p(X ∈M) =
∫
M
d3x
3∑
s=1
∣∣∣∣ [ψ˜V (x)]
s
∣∣∣∣2 (51)
where the configurational wave-function ψ˜V (x) is known to exhibit polynomial[30, 16, 31] or even
exponential[3] decay, ensuring the existence of the first momenta of (51).
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The latter are readily obtained inserting (44) in (51):
〈Xk〉 = i~
3∑
s=1
∫
d3p
[
ψ˜V (p)
]
s√|p| ∂∂pk

[
ψ˜V (p)
]
s√|p|

〈X2k〉 = −~2
3∑
s=1
∫
d3p
[
ψ˜V (p)
]
s√|p| ∂2∂p2k

[
ψ˜V (p)
]
s√|p|
 .
(52)
In the remainder of the work, the quantity ∆Xk∆Pk will be referred to as uncertainty product.
3.4 Interpretation
Equation (37) represents the main contribution of the present work. It generalizes K. Kraus’
construction of the single-photon position observable to a formalism in which all the single-photon
observables are defined in a unified way in terms of POVMs. In the present section, several
relevant single-photon observables have been considered and the POVMs describing them have
been derived, according to (37), as projections on HS of PVMs defined on HA, whose expression
is borrowed form the quantum theory of relativistic massive particles.
It is worth of notice that position and spin are described by POVMs, while momentum and
helicity by PVMs, a circumstance which is amenable of a clear physical interpretations.
Observables O represented as PVMs are commonly understood to correspond to measure-
ments with perfect accuracy, and are therefore called sharp observables. In fact, the generic
projector EˆO(M) associated to the event O ∈M identifies a subspace:
SO(M) =
{
|ψ〉 : EˆO(M) |ψ〉 = |ψ〉
}
(53)
of preparations for which the event O ∈ M has probability 1. This property is notoriously not
shared by generic POVMs, which are therefore associated to unsharp observables [13, 50]. In this
sense, we understand that the emergence of POVMs enhances the statistical character of quantum
theory: concretely, the recursion to POVMs typically reflects either imperfect measurements or
inherent difficulties in realizing a preparation in which the event O ∈M has probability 1.
In the case of photons, the need of treating position and spin as unsharp observables reflects
the properties of single-photon preparations rather than those of measurement procedures.
In particular, the suppression of 0-helicity states determines a coupling between momentum
and spin, expressed by the key role of the helicity, which limits the possibility to prepare a photon
with definite spin along a fixed spatial direction independent on its momentum. Similarly, since
transverse wavefunctions are linear combinations of e˜1(p) and e˜2(p) and the latter are not
analytic functions of p [31]. The Paley-Wiener theorem [30] poses severe limitations on the
possibility of localizing photons in the configuration space [31, 3]. These inherent difficulties
find a direct correspondence in our construction, which highlights the need of treating spin and
position as unsharp quantum observables.
Finally, it is worth of notice that Equation (37) can be further generalized to the case of a set
of incompatible (non-commuting) observables O1 . . .On on HA. In this case the probability that
O1 . . .On take values in a measurable setM∈ G1× · · · ×Gn is given in terms of the expectation
value of an effect operator Fˆ ′O1...On(M). The family of such operators is referred to as the
POVM associated to the unsharp joint measurement of the incompatible observables O1 . . .On
[13, 25]. The projection onto the physical single-photon space HS leads therefore to another
POVM which is related to that defined on HA by means of the equation:
FˆO1...On(M) =
(
piV †
)
Fˆ ′O1...On(M) (V pi) (54)
This expression, which clearly extends (37), can be used for example to describe the joint mea-
surement of position and momentum observables.
11
4 Results and Theoretical Interpretation
In the present Section we will consider two classes of physically relevant single-photon states,
namely Gaussian states with definite polarization and projections of Gaussian states with definite
spin, and extensively investigate: (i) the preparation uncertainty relations ∆Xk∆Pk and (ii) the
probability distribution of spin along a certain direction.
The study of both these properties will highlight and quantitatively estimate the increase
of the statistical character naturally brought along by the intrinsic unsharpness of POVMs
[13, 12, 21, 29, 25]. The results will show both an increment in the product ∆Xk∆Pk for
Gaussian states, which in non-relativistic framework saturate the inequality ∆Xk∆Pk ≥ ~2 , and
the increase of randomness in the probability distribution of spin along a fixed spatial direction.
4.1 Gaussian States with Definite Polarization
Let us consider Gaussian states with definite polarization in HS ' L2
(
R3, d
3p
|p|
)
⊗C2, i.e. states
of the form: (
ψ˜1V (p)
ψ˜2V (p)
)
=
√
|p| e
− |p−p0|2
8ap20(
4piap20
) 3
4
e−
i
~p·x0
(
γ1
γ2
)
(55)
where p0 = 〈Pˆ〉, x0 = 〈Xˆ〉,
∑2
i=1 |γi|2 = 1 and:
a =
(∆p)2
2p20
(56)
is a positive, dimensionless parameter which takes into account the wavefunction’s spread in
momentum space. In the following, without any loss of generality, the chioce p0 = |p0|ez will be
made.
4.1.1 Preparation Uncertainty Relations for Position and Momentum
The square norm of states in HS of the form (55) is obtained from a straightforward calculation
and reads:
〈ψ˜V |ψ˜V 〉 =
2∑
k=1
|γk|2 (57)
so that, if
∑2
k=1 |γk|2 = 1, the mean values and the variances of momentum components are
given by:
〈P j〉 = pj0
〈(P j)2〉 = (pj0)2 + 2ap20
(58)
On the contrary, the calculation of the expectation value and variance of position components
is complicated by the circumstance that the gradient appearing in (52) acts non-trivially on the
vectors e˜1(p), e˜2(p). Applying formula (52) to the states (55), it is readily found that the mean
values of Xj and X
2
j are bilinear functions of the coefficients γ
j , defined by the matrices:
[
Xj
]
kl
= i~
∫
d3p g(p) e˜k(p) · ∂pj e˜l(p)[
(Xj)2
]
kl
= −~2
∫
d3p g(p)
[
e˜k(p) · ∂2pjpj e˜l(p)−
pj − p0j
4ap20
e˜k(p) · ∂pj e˜l(p)
]
+ δkl
~2
8ap20
+ (xj0)
2 δkl
(59)
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with g(p) = e
− |p−p0|
2
4ap20(
4piap20
) 3
2
. Performing the integrations (59) using shifted spherical coordinates one
finds: [
Xj
]
kl
= 0 ∀j = 1, 2, 3
[
(X3)2
]
kl
≡ [(Z)2]
kl
= ~2δkl
1− 4a+ 4√a (1 + 2a)D
(
1
2
√
a
)
8ap20[
(X1)2
]
kl
≡ [(X)2]
kl
= ~2δkl
1 + 8a− 16a3/2D
(
1
2
√
a
)
8ap20[
(X2)2
]
kl
≡ [(Y )2]
kl
= ~2δkl
1 + 8a− 16a3/2D
(
1
2
√
a
)
8ap20
(60)
where D(x) denotes the Dawson’s function (sometimes also referred to as Dawson’s Integral) of
argument x [51].
The uncertainty products both for
(
γ1
γ2
)
=
(
1
0
)
and
(
0
1
)
, therefore read:
∆Z∆Pz =
~
2
√
1− 4a+ 4√a (1 + 2a)D
(
1
2
√
a
)
∆X∆Px = ∆Y∆Py =
~
2
√
1 + 8a− 16a3/2D
(
1
2
√
a
) (61)
and are illustrated in Figure 2.
Figure 2: (color online): uncertainty products ∆Xi∆Pi, in units of ~, along directions parallel
(red solid line) and perpendicular (blue dashed line) to p0, for states with definite polarization.
The results are monotonically increasing functions of the parameter a and remarkably, in the
limit a → 0, the minimum value ∆Xi∆Pi = ~2 is obtained for every component thus indicating
that only for an infinitely sharp wavefunction in the momentum space the familiar Heisenberg
limit is retrieved.
In the opposite limit a → ∞, the uncertainty product approach from below an asymptotic
finite value which is equal to
√
7
12~ for every component. In table (1), the asymptotic expansions
of the uncertainty products are given.
The increase in the uncertainty product witnessed for a > 0 is a direct consequence of the
unsharpness of the POVM associated with the position observable, and gives a direct example
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Table 1: Limiting behaviour of the uncertainty product (50), in units of ~, for states with definite
polarization along directions parallel (z axis) and perpendiculr (x or y axis) to p0.
axis small a large a
z 12 + 4a
2
√
7
12 − 15√21a + 11700√21a2
x (y) 12 + 2a− 16a2
√
7
12 − 15√21a + 1175√21a2
Table 2: Limiting behaviour of the uncertainty product (50), in units of ~, for states with definite
polarization along directions parallel (z axis) and perpendiculr (x or y axis) to p0.
of the circumstance, well known in the quantum theory of measurement [13, 12, 21, 24, 25], that
POVMs enhance the randomness of measurement outcomes and the statistical character of the
underlying quantum theory.
4.1.2 Probability distribution of Sz
The explicit expression of the probability distribution of Sz for Gaussian states of the form (55)
will now be given. It reads:
p(Sz = ~ms) =
∑
ij
(
γi
)∗
[Σ(ms)]ij γ
j (62)
where ms = 2− s and
[Σ(ms)]ij =
∫
d3p [e˜i(p)]
∗
s [e˜j(p)]s g(p) (63)
Equation (62) is a quadratic function of
(
γ1
γ2
)
and can be expressed in terms of three functions
(the first two of which will appear also in the forthcoming discussion relative to states with
definite spin):
u1(a) = 1− 6a+ 12a3/2D
(
1
2
√
a
)
u2(a) = 1− 2
√
aD
(
1
2
√
a
)
u3(a) =
1
2
(
2
√
a√
pi
e−
1
4a + (1− 2a) erf
(
1
2
√
a
)) (64)
The matrices Σ(ms) are given by
Σ(1) =
(
1
3 +
u1(a)
6 i u3(a)
−i u3(a) 13 + u1(a)6
)
Σ(0) =
(
2au2(a) 0
0 2au2(a)
)
Σ(−1) =
(
1
3 +
u1(a)
6 −iu3(a)
iu3(a)
1
3 +
u1(a)
6
) (65)
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from which it can be immediately seen that:
a) the eigenvectors of (65) are the states γ± with definite circular polarization
b) p(Sz = 0) for γ+ and p(Sz = 0) for γ− are equal to each other.
c) p(Sz = ~) for γ+ and p(Sz = −~) for γ− are equal to each other.
Figure (3) shows the probability distribution of Sz for a Gaussian state with circular polar-
ization +1.
Figure 3: Color online: probability distribution of Sz (red dashed line forms = 1, blue dot-dashed
line for ms = 0, green solid line for ms = −1) on states with definite polarization +1.
Finally, the asymptotic behavior of the probability distribution of Sz for Gaussian states with
definite polarization is listed in Table (4.1.2).
Sz/~ polarization small a large a
1 +1 2a2 13 − 1√pia + 160a
0 +1 2a− 4a2 13 − 130a
-1 +1 1− 2a+ 2a2 13 + 1√pia + 160a
1 -1 1− 2a+ 2a2 13 + 1√pia + 160a
0 -1 2a− 4a2 13 − 130a
-1 -1 2a2 13 − 1√pia + 160a
Table 3: asymptotic behaviour of the probability distribution of Sz for the choices of γ reported
in figure 3.
4.2 Gaussian States with Definite Spin
Gaussian states with definite spin along an arbitrary spatial axis will now be considered, which
are defined in HA ' L2
(
R3, d
3p
|p|
)
⊗ C3 as:
f(p) =
√
|p| e
− |p−p0|2
8ap02
(4piap20)
3
4
h h =
h1h2
h3
 , 3∑
i=1
|hi|2 = 1 (66)
The corresponding physical states are elements in HS given by:
ψ˜V (p) =
piV †f(p)
K
(67)
the quantity K2 = 〈piV †f |piV †f〉 = 〈V piV †f |V piV †f〉 being a normalization constant.
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4.2.1 Preparation Uncertainty Relations for Position and Momentum
For states in HA of the form (66), denoting for simplicity Π(p) = V piV † we readily find that the
square norm K2 and the first momenta of the position and momentum probability distributions
are quadratic functions of h defined by the matrices:
[K]kl =
∫
d3p g(p)[Π(p)]kl
[P j ]kl =
∫
d3p g(p) pj [Π(p)]kl
[(P 2)j ]kl =
∫
d3p g(p) (pj)2 [Π(p)]kl
[Xj ]kl = i~
∫
d3p g(p)
[
∂
∂pj
[Π(p)]kl − p
j − pj0
4ap20
[Π(p)]kl
]
[(X2)j ]kl = −~2
∫
d3p g(p)
[
∂2
∂p2j
[Π(p)]kl − 2 p
j − pj0
4ap20
∂
∂pj
[Π(p)]kl
+
(pj − pj0
4ap20
)2
− 1
4ap20
 [Π(p)]kl

of which we below the analytic expression, resulting from a calculations in shifted spheri-
cal coordinates, which remarkably can be expressed in terms of the functions u1(a) and u2(a)
introduced above in (64). The normalization reads:
K =
 1 0 00 0 0
0 0 1
+ 2a u2(a)
 −1 0 00 2 0
0 0 −1
 ; (68)
the first and second momenta of the momentum probability distribution are given by:
P 1 ≡ Px = 2p0 a u1(a)
 0
1√
2
0
1√
2
0 − 1√
2
0 − 1√
2
0
 (69)
P 2 ≡ Py = 2p0 a u1(a)
 0 −
i√
2
0
i√
2
0 i√
2
0 − i√
2
0
 (70)
P 3 ≡ Pz = p0
 1 0 00 0 0
0 0 1
+ 2p0a u1(a)
 −1 0 00 2 0
0 0 −1
 (71)
(P 1)2 = (2p0)
2 a
2
 1 0 00 0 0
0 0 1
+ (2p0)2 a2 u1(a)
 −2 0 10 4 0
1 0 −2
 (72)
(P 2)2 = (2p0)
2 a
2
 1 0 00 0 0
0 0 1
+ (2p0)2 a2 u1(a)
 −2 0 −10 4 0
−1 0 −2
 (73)
(P 3)2 = p20
 1 0 00 4a 0
0 0 1
+ (2p0)2 4a2 u1(a)
 1 0 00 −2 0
0 0 1
 , (74)
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while the first and second momenta of the position probability distributions read:
X1 ≡ X = 0 (75)
X2 ≡ Y = 0
X3 ≡ Z = 0
(X1)2 =
~2
p20
 12u1(a)− u2(a) ( 12 + 14a)+ 38a 0 −u1(a)+2u2(a)40 2u2(a)− u1(a) 0
−u1(a)+2u2(a)4 0 12u1(a)− u2(a)
(
1
2 +
1
4a
)
+ 38a

(X2)2 =
~2
p20
 12u1(a)− u2(a) ( 12 + 14a)+ 38a 0 u1(a)+2u2(a)40 2u2(a)− u1(a) 0
u1(a)+2u2(a)
4 0
1
2u1(a)− u2(a)
(
1
2 +
1
4a
)
+ 38a

(X3)2 =
~2
p20
 14a + 4a−18a u2(a)− u1(a) 0 00 34a − 12a+34a u2(a) + 2u1(a) 0
0 0 14a +
4a−1
8a u2(a)− u1(a)

(76)
The matrices associated to the components of momentum and position observable along the x
and y axes differ one from each other, but share the same spectrum.
The uncertainty products on the z and x(y) axis, which correspond parallel and perpendicular
to p0, are given by:
• if h = (1, 0, 0), or h = (0, 0, 1):
∆Z ·∆Pz = ~
√[
1 + 16a2 u1(a)− (1−2a u1(a))
2
1−2a u2(a)
] [
1
4a +
(
1
2 − 18a
)
u2(a)− u1(a)
]
1− 2a u2(a) (77)
∆X ·∆Px = ~
√
2a (1− 4a u2(a))
(
1
2u1(a)− u2(a)
(
1
2 +
1
4a
)
+ 38a
)
1− 2a u2(a) (78)
(79)
• if h = (0, 1, 0)
∆Z ·∆Pz = ~
√
1
a [(1− 8au1(a))u2(a)− u21(a)]
(
3
4a −
(
3 + 34a
)
u2(a) + 2u1(a)
)
2u2(a)
(80)
∆X ·∆Px = ~
√
u1(a) (2u2(a)− u1(a))
u2(a)
(81)
These results are presented in figures (4) and (5) respectively.
As highlighted in the case of states with definite polarization, the preparation uncertainty re-
lations explicitly show a highly non-trivial dependence on the width parameter a. For h = (1, 0, 0)
(= (0, 0, 1)) the uncertainty products are monotonically increasing functions of a, converging to
~
2 in the a→ 0 limit and to finite values in the opposite a→∞ limit. The asymptotic expansions
of (77) and (80) are listed, in units of ~, in Table 4.2.1.
For h = (0, 1, 0), on the other hand, this behavior is exhibited only by the uncertainty product
along the direction of p0: the other uncertainty product appears a monotonically decreasing
function of a, converging to 1 in the a → 0 limit. The apparently anomalous behaviour of the
uncertainty product in figure 5 is a consequence of the fact that the state (66) has, for decreasing
a, vanishing projection on the physically relevant space HS .
Finally, (77) and (80) depend quadratically on h ∈ C3: in Appendix (A), the minimum
and maximum valued attained by the uncertainty product for different choices of h have been
calculated and plotted over a meaningful range of values for the parameter a, and the results
compared with those shown in figures (4), (5).
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Figure 4: (color online): uncertainty products ∆Xj∆Pj in units of ~, along directions parallel
(red line) and perpendicular (blue line) to p0, for eigenstates of Sz with eigenvalue s = ±1.
Figure 5: (color online): uncertainty products ∆Xj∆Pj in units of ~, along directions parallel
(red solid line) and perpendicular (blue dashed line) to p0, for eigenstates of Sz with eigenvalue
ms = 0.
h axis small a large a
(1, 0, 0) z 12 + 4a
2
√
21
5 − 59
√
3
350
√
7a
(1, 0, 0) x 12 + a+ 40a
3 3
√
41
2 − 13812800√41a
(0, 1, 0) z 12 + 16a
2 + 272a3 910 − 1175a
(0, 1, 0) x 1− 8a2 + 32a3
√
21
5 +
2
√
3
175
√
7a
Table 4: Limiting behaviour of the uncertainty product (50), in units of ~, for several choice of
the vector h (first column), along directions parallel (z axis) and perpendicular (x axis) to p0
(second column). The expansions relative to the vector h = (0, 0, 1) are not listed being equal
to the case h = (1, 0, 0).
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4.2.2 Probability Distribution of Sz
The explicit expression of the probability distribution of Sz for a spin state of the form (66) will
now be given. It reads:
p(Sz = ~ms) =
∑
ij h
∗
i [Σ(ms)]ij hj
K
(82)
where ms = 2− s,
[Σ(ms)]ij =
∫
d3p
p0
[Π(p)]∗is [Π(p)]sj g
2(p) (83)
and K is the normalization constant introduced above.
Equation (82) is then the ratio between two quadratic functions of h. The denominator is
explicitly given by (69), while the matrix Σ(ms) in the numerator is most conveniently expressed
in terms of the function u4(a) = 1− 2au2(a) and reads:
Σ(1) =
4a+ (1− 6a)u4(a) 0 00 2(1 + 12a)u4(a)− (1 + 8a) 0
0 0 1 + 4a− (1 + 6a)u4(a)

Σ(0) =
4a− (2a+ 24a2)u2(a) 0 00 (1 + 6a)8u2(a)− 4a 0
0 0 4a− (2a+ 24a2)u2(a)

Σ(−1) =
1 + 4a− (1 + 6a)u4(a) 0 00 2(1 + 12a)u4(a)− (1 + 8a) 0
0 0 4a+ (1− 6a)u4(a)

(84)
from which it is evident that:
a) p(Sz = 1) = p(Sz = −1) for the spin state relative to the choice h = (0, 1, 0)
b) p(Sz = 1) for the spin state with h = (1, 0, 0) and p(Sz = −1) for the spin state with
h = (0, 0, 1) are equal to each other.
Figure 6 shows the cases h = ei.
The asymptotic expansions of the probability distributions for the spin Sz are listed in Table
(4.2.2).
Sz/~ h small a large a
1 (1,0,0) 1− 2a+ 8a2 710 + 511400a
0 (1,0,0) 2a− 16a2 110 + 31400a
-1 (1,0,0) 8a2 210 − 541400a
1 (0,1,0) 12 − 4a+ 8a2 110 + 3175a
0 (0,1,0) 8a− 16a2 810 − 6175a
Table 5: Asymptotic behaviour of the probability distribution of Sz for the choices of h reported
in figure 6.
Due to the projection onto the physical Hilbert space, the spin of the photon therefore ceases
to be a definite quantity and is characterized by a probability distribution resulting by integration
(40) over the momentum variable. This result is consequence of the fact that states with definite
spin exist only in the extended Hilbert space and puts under an even more clear evidence the
enhancement of the statistical character of the quantum theory stemming from the unsharpness
of POVMs.
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(a)
(b)
(c)
Figure 6: Color online: probability distribution of Sz (red dashed line for the eigenvalue ms = 1,
green solid line for ms = 0, blue dot-dashed line for ms = −1) on the spin states (66) with
h = e1 (a), e2 (b) and e3 (c)
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5 Conclusions
In the present work, we have constructed a unified procedure for treating all single-photon
observables as POVMs, including the notoriously delicate position and spin observables, and for
computing all joint probability distributions.
Starting from the representation theory of the Poincare´ group for spin s = 1 and mass m = 0
particles, we have demonstrated how the suppression of the 0-helicity component of the single-
photon wavefunction, which corresponds through the isomorphism V to the suppression of the
longitudinal component, can be viewed as the action of a projection operator from an extended
Hilbert space onto the single-photon Hilbert space.
We have then shown how this theoretical construction naturally brings along the notion of
POVMs, since any observable can be introduced as a PVM on the extended Hilbert space, the
form of which is very naturally suggested by the well-established quantum theory of relativistic
particles with mass m > 0 and spin s = 1, and then turned, by means of the projection, into a
directly manageable POVM on HS .
The suppression of 0-helicity states determines a coupling between momentum and spin, ex-
pressed by the sharpness of the helicity observable. The intrinsic unsharpness which characterizes
the POVMs of spin and position, on the other hand, reflects the impossibility of preparing a pho-
ton with definite spin along a fixed arbitrary direction or localizing it in a bounded region of the
configuration space, according to the Paley-Wiener theorem.
We have explicitly derived the joint probability distributions for spin and momentum, and
for spin and position, along with their marginals and with the probability distribution of helicity.
Finally, we have extensively investigated the consequences of the introduction of the POVMs,
i.e. the effects of the projection pi, by studying the preparation uncertainty relations for position
and momentum and the probability distribution of spin Sz. We have considered different classes
of Gaussian states, which in the non-relativistic context saturate the inequality ∆Xk∆Pk ≥
~
2 , namely those with definite polarization and with definite spin along a spatial axis. The
results we have found show a clear enhancement of the statistical character of position and spin
observables brought into stage by the appearance of POVMs, which ranges from the increment of
the uncertainty products for any value of the Gaussian width a, to the impossibility of preparing
a state with definite spin along an axis independent on momentum. Only in the limiting case of
infinitely sharp wavefunction in the momentum space (which corresponds to a → 0 ), a single-
photon state can have a defined value of the spin and the uncertainty products return to the
value ~2 . Such behaviour is observed both for Gaussian states with definite polarization and spin,
confirming the coherence of the underlying formalism, which can be immediately applied to all
single-photon observables, and to all single-photon states and density matrices.
We believe there exist favourable prospects for this formalism to be applied in a high-precision
description of interference phenomena at the basis of experiments with single photons [2, 6, 52,
53].
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A Maximization and Minimization of ∆Xk∆Pk for Spin
States
In this Appendix we identify the quantities hmax and hmin which respectively maximize and
minimize the Heisenberg Uncertainty Relations (77) and (80).
21
For the purpose of simplifying the forthcoming calculations, let us parametrize h ∈ C3 as
follows:
h =

h˜1√
1−2au1(a)
h˜2√
4au2(a)
h˜3√
1−2au1(a)
 (85)
It can be easily verified that h ·Kh = 1 if and only if |h˜1|2 + |h˜2|2 + |h˜3|2 = 1. This choice leads
to the following expressions:
〈Pz〉 = p0
[
1− 2au1(a)
1− 2au2(a) (1− ρ) +
u1(a)
u2(a)
ρ
]
〈(Pz)2〉 = p20
[
1 + 16a2u1(a)
1− 2au2(a) (1− ρ) +
1− 8au1(a)
u2(a)
ρ
]
〈Z〉 = 0
〈Z2〉 = ~
2
p20
[
1
4a +
u2(a)
2 +
u2(a)
8a − u1(a)
1− 2au2(a) (1− ρ) +
3
4a −
(
3 + 34a
)
u2(a) + 2u1(a)
4au2(a)
ρ
]
(86)
where |h˜2|2 = ρ, |h˜1|2 + |h˜3|2 = 1 − ρ. The square of the Heisenberg product constructed from
(86) is a polynomial of third degree in the variable ρ possessing, for each fixed value of a, a global
maximum at a value ρmax(a) in the interval (0, 1) and a global minimum at ρmin(a) = Θ(a−a∗),
where a∗ ∼ 6.13116. We do not detail the rather intricate analytic form of the minimum and
maximum values of the Heisenberg product, but limit ourselves to show, in figure 7, their values
against those in figures 4 and 5 relative to the choices h = (1, 0, 0) and h = (0, 1, 0).
On the x axis, it is convenient to parametrize also h˜ as follows:
h˜ =
 √λ eiφ1√1− λ√ξ√
1− λ√1− ξ eiφ2
 (87)
obtaining:
〈Pˆx〉 = −(2p0) 2au1(a)√
(1− 2au2(a)) (4au2(a))
(1− λ)
√
ξ − ξ2 cos(φ2)
〈(Pˆx)2〉 = (2p0)2 a
[
1− 2au1(a)
2(1− 2au2(a))λ+
1− 6au1(a)
2(1− 2au2(a)) (1− λ)(1− ξ) +
u1(a)
u2(a)
(1− λ)ξ
]
〈Xˆ〉 = 0
〈Xˆ2〉 = ~
2
(2p0)2
[
u1(a)− u2(a)a − 4u2(a) + 32a
1− 2au2(a) λ+
+
3u1(a)− u2(a) + 32a
1− 2au2(a) (1− λ)(1− ξ) +
2u2(a)− u1(a)
au2(a)
(1− λ)ξ
]
The square of the Heisenberg uncertainty product is a linear and monotonically decreasing
function of cos2(φ2). The minimum is attained at cos
2(φ2) = 1, ξ = 0 and λ = Θ(a
∗ − a),
a∗ ∼ 2.6095, and the maximum at cos2(φ2) = 0, ξ = ξmax(a) and λ = 0. ξmax(a) results from a
straightforward but quite lengthy maximization procedure. The minimum and maximum values
of the Heisenberg uncertainty product are shown in Fig. 7 against the corresponding values (77)
for h = (1, 0, 0) and h = (0, 1, 0).
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(a)
(b)
Figure 7: (color online) minimum and maximum (blue lines) of the Heisenberg uncertainty
product along directions parallel (left panel) and perpendicular (right panel) to p0, in comparison
with h = (1, 0, 0) (red dotted line) and h = (0, 1, 0) (green dot-dashed line).
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Finally the asymptotic expansions of the Heisenberg Uncertainty Relations for small and
large values of the parameter a are listed in Table A in units of ~.
h axis small a large a
hmin(a) z
1
2 + 4a
2 9
10 − 1175a
hmax(a) z
1
2 +
a
2 + 12a
2 2
√
3
13 − 3173640a
√
3
13
hmin(a) x
1
2 + 4a
2 9
10 − 23525a
hmax(a) x 1− 8a2 + 32a3 2
√
3
13 − 10219100
√
3
13
1
a
Table 6: Limiting behaviour of the Heisenberg Uncertainty Relations (50), in units of ~, for
hmin and hmax (first column), along directions parallel (z axis) and perpendicular (x axis) to p0
(second column).
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